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As an effective theory, relativistic hydrodynamics is fixed by symmetries up
toaset of transport coefficients. A lot of effort has been devoted to explicit
calculations of these coefficients. Here we adopt a more general approach,

deploying bootstrap techniques to rule out theories that are inconsistent
with microscopic causality. What remains is a universal convex geometry
inthe space of transport coefficients, which we call the hydrohedron.
Thelandscape of all consistent theories necessarily lies inside or on the
edges of the hydrohedron. We analytically construct cross-sections of
the hydrohedron corresponding to bounds on transport coefficients that
appear insound and diffusion modes’ dispersion relations for theories
without stochastic fluctuations.

Hydrodynamicsis a universal description of systems tending towards
thermal equilibrium. It is formulated as an effective theory, order by
order in agradient expansion, which at the classical linearized level
canbe mapped to the expansion of the mode frequencies w in powers
of the wave-vector k:

w(k) = i Cok™. ¢y
n=1

Such hydrodynamic Taylor series expansions have beenstudied in
awide variety of examples and have been found to have afinite radius
of convergence' . The complex ¢, are a collection of transport coef-
ficients that include the speed of sound and the diffusion constant.
The aim of this paper is to characterize the set of physically accept-
able collections of transport coefficients, which can be thought of
as the landscape of hydrodynamic theories. We propose to chart its
boundaries by imposing the causality condition’

wherev,isthelightcone speed (we set v, =1inwhat follows). This con-

dition arises axiomatically, aconsequence of position space retarded
Green'’s functions being tempered distributions and causality dictating

supportonly in the appropriate lightcone. This implies that certain
regions of its Fourier transform are analytic, thus restricting where
physical modes can appear. Inref. 7, we used equation (2) to prove
that all dissipative hydrodynamic expansions (equation (1)) have a
finite radius of convergence R and establish two-sided bounds on all
dimensionless combinations R"'c,.

In the present work, we propose to view equation (2) in a com-
pletely new way. Taking only the minimal ingredients of analyticity
of the mode functions at k = 0 (equation (1)) and the causality of the
Green'’s function in equation (2), we seek to constrain where the land-
scape of admissible transport coefficients lies. This strategy adheres to
the bootstrap approach to theoretical physics problems, which carves
outaspace of consistent theories using fundamental principles. It also
enables us to profit from technologies used in other such programmes
suchasthe modern conformalbootstrap® " and the S-matrix bootstrap
(forexample, refs. 12-16).

In particular, the two-sided bounds on all R"'c, from ref. 7 tell us
already that the landscape lies inside an infinite-dimensional hyper-
cube. Utilizing the tools surrounding positive moments, detailed in
ref.17 (see also refs. 18,19), we cleave away excluded regions from the
hypercube, so asto characterize more precisely the physically relevant
region enclosed within. We refer to the region that remains at the end
of'this cleaving process as the hydrohedron. Given the minimal set of
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assumptions that wentinto this process, the resulting geometry is oth-
erwise completely universal, independent of, for example, spacetime
dimension, state or microscopic theory under consideration.

The hydrohedron has cross-sections of special physical sig-
nificance. We will consider two examples in detail, corresponding
to diffusive and sound modes. We will refer to them as the diffusion
cross-sectionand the sound cross-section, respectively. In the diffusion
cross-section, coefficients of odd powers of kinequation (1) are set to
zero, whereas coefficients of even powers are purely imaginary. In the
sound cross-section, coefficients of odd powers of kinequation (1) are
purely real, whereas coefficients even powers are purely imaginary.

The natural scale of the problem
With the exception of ¢;, the transport coefficients appearingin equa-
tion (1) are dimensionful parameters. It is conventional to normalize
these parameters by thermodynamic quantities, such as appropriate
powers of temperature. In the special case of the shear-viscosity n
(which appearsin Sm c,), the dimensionless combination /s is often
considered, whereSIs the entropy density. The Kovtun-Son-Starinets
(KSS)bound 2 > L (ref.20) is naturally expressed in this way.
However, in stark contrast, imposing causality (equation (2)) gives
rise to bounds on transport coefficients normalized by R, the radius of
convergence of the hydrodynamic series (equation (1)), as our results
below demonstrate. Roughly speaking, R arises because equation (2) is
utilized by integrating within a disk centred on k=0, and the strongest
constraintisgiven by the largest disk possible for which the functionisstill
analytic: thatis, adisk of radius R. The hydrohedron geometry thenlives
inthe space spanned by the dimensionless transport coefficients, {R"c,}.
For example in the case of a shear mode in a conformal theory,
c, = —i —P with e being the energy density and Pthe pressure, we find
bounds on the dimensionless combination Rn/(e + P). Firstly we find
two-sided bounds on Rn/(e + P) alone, and then we find an infinite set
ofbounds thatrelate Ri/(e + P) to other dimensionless transport com-
binations, R"c,. Note that we do not bound the combination /s
directly; see also the discussion around equation (22).
Wesstressthat Ris not aformal or abstract quantity. Given amicro-
scopic theory (or a sufficient number of terms of the hydrodynamic
gradient expansion), itiscomputable, anditis alsoin principle measur-
able in experiment. Indeed, R has already been computed in a variety
of holographic theories as well as kinetic theory; seeref. 6 for a discus-
sion. For example, for the V' = 4 supersymmetric Yang-Mills (SYM)
theory at finite temperature and chemical potential &, a holographic
computation gives R = (€ + P)/(2u+/n) for anumerically known range
of u(refs.1,5). Ingeneral, the value of R varies across theories or spatial
dimensions or within a given theory as the temperature or other ther-
modynamic parameters are varied. Additionally, Ris a natural quantity
fromaneffective field theory point of view; as the radius of convergence
of equation (1), it marks the precise point at which non-hydrodynamic
degrees of freedombecomeimportant. Thisis because Ris set by branch
pointsingularities corresponding to other modes’. In other words, Ris
the natural effective field theory cutoff scale for hydrodynamics. Note
that the explicit presence of the ultraviolet cutoff in effective field
theory bounds should not come as a surprise; see for example ref. 21.

The diffusion cross-section

As mentioned earlier, in this paper we will restrict our analysis to two
cross-sections of the full hydrohedron of particular physical signifi-
cance. Westartinthis section by specializing to adiffusive mode: that
is, adispersion relation of the form

w(k) =1 Bk, €))
n=1

where S,, € Rand withafinite radius of convergence, R > 0. We extend
ktoliein the disk of radius R centred on k=0 in the complex plane,
where we impose the causality condition in equation (2). Through a

rigorous moment problem analysis, we derive a set of hierarchical
bounds on the dimensionless coefficients R*"'8,,. These bounds define
aconvex geometry. Fullmathematical details of the analysis can found
in ‘Diffusion cross-section derivation’.
The first few orders in this hierarchy of bounds are given by the
following expressions
16

< <
3 S RB, <O. 4)
64 _ g 256 15TRB, (8 + 3RBy)
“isg SRPe s 90T ®
32,768 + 1,575 (RB; — R*B;)° — 240T (13RB, + 14R*B,)
5251 (16 + 3TRB,)
<RBe < (6)

4,096 — 52512 (RB, + R®B,)° — 120™ (IRB, + 14R*B,)
175T (8 — 31RB,)

Note that only the dimensionless combinations R*""'8,, appear.
These bounds are the first three inequalities in an infinite set. Addi-
tionalinequalities arising at higher orders can be easily derived using
the methods outlined in ‘Diffusion cross-section derivation’, and we
we provide only the first three here for clarity.

Together, these define a convex geometry in the space of dimen-
sionless transport coefficients {R*"'f,,}. Because we have restricted our
analysis here to diffusive modes (equation ((3)), thisis a cross-section
ofthe fullhydrohedron geometry (the cross-section corresponding to
setting all odd-k coefficients to zero and all even-k coefficients to be
purelyimaginary). Thesefirst three bounds (equations (4)-(6)) provide
a projection of the diffusive cross-section of the hydrohedron to the
first three transport coefficients, {RB,, R*B,, R°B¢}, a three-dimensional
(3D) convex shape. This shapeisillustrated in Fig. 1a.

All two-dimensional projections involving {RS,, R*S,, R’} are
shown in Fig. 1b—d. The projection to the (RS, R*8,)-plane is given by
the inequalities in equations (4) and (5). The other projection planes
(RB,, R°B,) and (R*B,, R°B,) are given by more complicated expressions
because they also involve equation (6). For the (RB,, R°B;)-plane, we
have that the closure of the projection exists within the interval
—g < RB, < 0,with R°8, upper bounded by a piecewise function

R3Be <
3,328 5
945t 3

™ 5303
+TRB2

RB,

6 10 @
R2B? if — S SRBy<-—3

+TIR*f; i B < I

136 . 0

351 if -3 SRB<0

and lower bounded by — ﬁ .For the (R*B,, Rsﬁb) plane, the closure of

the projection exists w1th|n the interval _ﬁ <R3, <o w1th R°B,
upper bounded by a piecewise function

RSB <

260y, 3gep 64 oy 8
750 5K P Rﬁ if = fon SFB <5
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8
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Fig.1|Hydrohedron diffusion mode geometry. a, Diffusion mode cross-section
of the hydrohedroninthe (RB,, R*B,, R°Bs)-hyperplane. b-d, Its projections to the
(R*B,, R°Bs)-plane (b), (RB,, R°B)-plane (c) and (RB,, R*B,)-plane (d). Causal
theories necessarily live inside these shaded regions; choices of transport
coefficientsin the white region are acausal and excluded. The functions
determining the boundaries of each projection (solid black lines) are detailed

R°B
o
b

05
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analytically in the text. The purple crosses represent the location of ' = 4 SYM
inthe holographic regime, the red open circles correspond to conformal kinetic
theory in the relaxation time approximation and the green (blue) lines to
conformal MIS (conformal BDNK) in the parameter regime where they are causal
and linearly stable.

and lower bounded by another piecewise function
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The bounds we outline above, as well as the infinite hierarchy of
associated bounds described in ‘Diffusion cross-section derivation’,
areanew set of bounds applying toall theories of relativistic transport
exhibiting a diffusion mode of the type in equation (3). The exception

is the upper limit of equation (4), which expresses the well-known
requirement that the diffusivity Dis non-negative, where D = -f3,. The
lower limit of equation (4), forinstance, isanew rigorous upper bound
ondiffusion. For any given theory, measuring or computing the Dalong
with the physical microscopicscaleR, the result necessarily liesinside
thebound of equation (4) if the theory is causal.

Itis of course instructive to consider where known microscopic
theories live in this diffusion cross-section. To this end, we show the
values of {RB,, R*B,, R°Bs} computed for N = 4 SYM theory using holo-
graphictechniques (see alsorefs. 2,3), conformal kinetic theoryinthe
relaxation time approximation and two phenomenological models:
conformal Miiller-Israel-Stewart (MIS) theory?>**, widely adopted in
the study of ultrarelavistic nuclear collisions, and the recently intro-
duced conformal Bemfica-Disconzi-Noronha-Kovtun (BDNK)
theory* . These are generic points in the interior of the projected
hydrohedron. The exceptionis that MIS and BDNK intersect the point
where §,, =0, where the diffusive modeis trivial. It would of course be
interesting to identify non-trivial theories that live at the boundaries
ofthehydrohedron, where theorieslive in tension with the constraints
of causality. In ‘Further details on the hydrohedron boundary’,
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we demonstrate that many of the boundaries (although not all of them)
are open, excluding the possibilities of theories living there.

The sound cross-section
Inthis section, we specialize to amode defined by the following Taylor
series expansion of the dispersion relation

w(k) = Z Qi K2 4 Z Bank®"

n=0 n=1

(10)

where a,,,;and 3,,arereal. This includes both sound mode excitations
and also Lorentz boosts of the diffusion modes considered in the pre-
vious section. Note that for sound waves, a; is equal to the speed of
sound c,, whereas S, is related to the sound attenuation length I, as

B =- % Asbefore, specializing to modes of the formin equation (10)

will give us a cross-section of the full hydrohedron geometry. Note that
diffusionisitselfacross-section of sound along the hyperplane defined
by a,,.,=0foralln.

Through the moment problem analysis outlined in ‘Sound
cross-section derivation’, we obtain an infinite set of hierarchical
bounds on the transport coefficients a,,,;, 8,, normalized to the con-
vergence radius R. The first three bounds in this set are

log| <1, (11)
16 m ,
“3n + Eal <RB, <0, (12)
2
128 — 912 (ay — RB,)" — 121 (o + 2RB) <Rlay <
omn(—4 + )
(13)

128 — 912 (a; + Rﬁ2)2 + 121 (a; — 2RB,)
o (4 + nay) ’

The first bound in equation (11) expresses the well-known fact that in
acausaltheory the speed of sound cannot exceed the lightcone speed
v,c = 1. Theremaining two-sided bounds in equations (12) and (13) are
new. In particular, if the speed of sound is known, the inequality in
equation (12) provides an upper bound for the sound attenuationlength
I in units of the convergence radius. For instance, in a d-dimensional

. 1
conformal field theory, |o;| = ﬁand
32 L
RLS s g-1 )

Taken together, the bounds in equations (11)-(13) define a projection
ofthe sound cross-section of the fullhydrohedron geometry tothe 3D
subspace of the first three transport coefficients {a;, RB,, R’as}. This
projectionis aconvex shapeillustrated in Fig. 2a.

All two-dimensional projections involving pairs of {a;, RB,, R?as}
areshowninFig.2b-d. The projectiontothe (a;, RB,)-planeis given by
inequalities in equations (11) and (12). As it happened in the diffusion
case, the projections to the remaining (a;, R’a;) and (RB,, R*a;) planes
involve a higher-level inequality (equation (13)) and therefore have
more involved explicit expressions. In the (&, R?a;)-plane, we find that
the closure of the projection exists withinthe interval |a;| <1, in which
R’a, is upper bounded by a piecewise function

128 + 3aym (4 — 3may)

4
if —1< -
1 <a; < In

o (4 + nay)
4 4 2
2 T e T pd
R’a; < = if 3nsal<“ , @s)
e )
0(1<3—Taf> lfﬁsalsl

and lower bounded by another piecewise function

-
a (3 - Taf)

R2a3 > _i
L8

if—1§011<—g
i

128 —3ay (4 + 3may) if 4
on (4 — )

Forthe (RB,, R*a;)-plane, the closure of the projection exists within the

interval —g < RB, < 0, where R?a; is upper bounded by a piecewise
function

R2a3 <
1
(2 — 31RPB,)(96 + 18TIRPB,)? . 16 10
_ = - 17
18T if—gpsfh<—35 W
4 . 10
E if — E < Rﬁz <0
and lower bounded by another piecewise function
Ray >
1
(2-3mRB,)(96 +18TRBy)2 .. 16 10
_ _ 6 -— @8
181 if—Sp<Rh<—3; @8
4 . 10
- if — I < RB, <0

In parallel with diffusion case, in Fig. 2 we also provide the values
of {a;, RB,, R*a;} for N = 4SYMin the holographic limit, kinetic theory
in the relaxation time approximation, MIS and BDNK (the last three

alsointhe conformalregime). Note that a; = \/%in all cases. Again, we

find that all of these theories lie at generic points inside the hydrohe-
dron projections, the exception being where MIS and BDNK reach
the boundary at §,,= 0, where the sound mode is that of a perfect
conformal fluid.

Furthermore, we note that the sound cross-section has a special
corner point. Aswe demonstrate in ‘The stiff fluid facets’, when |a;| = 1,
all the higher-order transport coefficients vanish and the dispersion
relationis uniquely determined:

w(k) = k. (19)

This corresponds to the case of astiff perfect fluid and fluids boosted to
thespeed of light, because equation (19) is a fixed point under boosts.
The vanishing of the diffusivity for a stiff fluid was also noted recently
inref. 28. Note also that, according to our analysis, a; = +1 still allows
forarange of RB,and R%a; values. It is possible that such points may be
understoodinalimit of afamily of dispersionrelationswhereas a; > 1,
onefindsR > «andf,, a; > 0 but with the dimensionless products Rf3,
and R’a;, finite in this limit.

Finally, there are various other physical theories that live at this
corner of the hydrohedron, traditionally outside the realm of hydrody-
namics, for which our analysis still applies. These include free massless
theories and two-dimensional conformal field theories.

Relation to other bounds
We have obtained aninfinite class of bounds on transport coefficients.
Intheliterature, there are anumber of important bounds ontransport
that have appeared before. In this section, we comment on therelation
to these other bounds.

Perhaps the closestin spiritis that obtainedinref.29 for a qualita-
tive upper bound ondiffusion following from causality considerations
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Fig.2|Hydrohedron sound mode geometry. a, Sound mode cross-section of
the hydrohedron in the (al, RB,, R?a;)-hyperplane. b-d, Its projections to the (Rf,,
R’a;)-plane (b), (a;, R?a;)-plane (c) and (a;, RB,)-plane (d). Colour coding as in Fig.
1. The functions determining the boundaries of each projection (solid black lines)
are detailed analytically in the text. The purple crosses represent the location of
N = 4SYMin the holographic regime, the red open circles correspond to
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a

conformal kinetic theory in the relaxation time approximation, and the green
(blue) lines to conformal MIS (conformal BDNK) in the parameter regime where
they are causal and linearly stable. Finally, the orange star marks to the special
corner point corresponding to the stiff perfect fluid. Note that in these examples,
for every triplet (1/v/3, B,, a3), thereis a corresponding one (=1//3, 85, —a3),
which we do not show explicitly for clarity.

D < V1, (20)
wherevisaspeed definingalightcone for operator growthand 7 isa
local equilibration time. This bound was obtained using approxima-
tions for the structure of diffusion and gapped modes. This upper
bound should be compared with the lower bound in equation (4) in
the present work: that is,

16
D < —v,cR! 21
=30 Uic (21)

which can be viewed as arigorous version of equation (20). Recall
here that v, is the lightcone speed. Note that the rigorous version
demands that equilibration time is replaced by radius of convergence
through v’ > v,cR™, and the precise coefficient is determined in
equation (21). As we discuss in ‘The natural scale of the problem’, R
and rg(} areboth characterizations of the scale of non-hydrodynamic
physics, and soitis natural that this replacement appears here.

Another notable bound on transportis the KSS bound?, a conjec-
tured lower bound on viscosity in units of entropy density,

<

“©ls

1
e . 22)
We know from string theory considerations® that the value of /s can
belowered below this value, at least perturbatively. We have no direct
analogue for this bound. The closest counterpart would be the upper
bound in equation (4), in which we conclude that O < DR. This illus-
trates that the KSSbound (or itsimproved version taking the results of
ref. 30 into account) does not follow from causality alone, but, if at all,
fromother considerations. Thisisin line with the speed of light v, not
appearingatallin equation (22).

Finally we commentonrelations to other Planckianboundsrelated
to KSS, as proposed in refs. 31-34. These are again lower bounds on
diffusion, which involve the butterfly velocity v and the Lyapunov
time 7, forinstance

Uity S D. (23)

Similar comments apply to these bounds; as lower bounds that do not
appear in our analysis, it seems unlikely that they are a consequence
of the constraints of causality.
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Discussion

In this Article, we provide a new look at relativistic hydrodynamics,
focusingon constraining the theory as muchas possible based on fun-
damental principles alone. Using microscopic causality, we exclude
most of transport coefficient space, leaving a convex geometry in which
all causal theories of hydrodynamics necessarily reside. This geometry
isuniquely determined from causality alone and thus universal, inde-
pendent of spacetime dimension, state and any microscopic details.
We provide constraints at all orders in the hydrodynamic expansion
and present adetailed analysis of the first few ordersin the sound and
diffusion cross-sections of this geometry.

Itisimportant to note that the hydrohedronis ageometry defined
inthe space of transport coefficients in units of the momentumscaleR,
where Ristheradius of convergence of the hydrodynamic Taylor series
inequation (1). Thisisanintrinsic scale that may be computed or meas-
ured given a specific theory. This may appear an unfamiliar normali-
zation choice, given that the vast majority of previous hydrodynamic
literature quotes transport coefficients in units such as temperature or
entropy density. However, the universal hydrohedron geometry arises
onlyinunits of R. Because in general Ris afunction of temperatureina
way that depends on the theory, if one were to convert units, then the
shape would be different between theories and universality would be
lost. Indeed, the scale R is the cutoff for the effective theory, marking
the breakdown of hydrodynamics where other physical degrees of free-
domare required. Itis only natural therefore that the universal hydro-
hedron geometry isapparent when coefficients are normalized by R.

Our analysis did not depend on being in the fluid rest frame.
Although our diffusion mode analysis specialized to zero background
fluid velocity, applying aboost vto the dispersion relationin equation
(3) turnsitinto the form of asound mode dispersion relation in equa-
tion (10). Transport coefficients can be converted straightforwardly;

3
for the first few orders, a; — v,8, > 1—02)2B,,0a5 — 2v(1 — uz)zﬁg .

The radius of convergence R does not boost in an easily predictable
way and requires a microscopic computationin each case. The sound
mode results thenapply.

We saw that some faces of the hydrohedron were excluded, mean-
ing that the set is open there. Examples are the faces that lie at the
boundary of the regions excluded by the moment problem. This is not
the case for all faces, however, with the faces a; = 1 and 8, = 0 not fol-
lowing from the moment problem. This raises the interesting possibility
of ‘distinguished’ theoriesliving there, reminiscent of the 3D Ising model
inthe conformalbootstrap’. Indeed, we proved that onthe faces a; = #1,
thedispersionrelationis uniquely w(k) = £k, whichis astiff perfect fluid.
For the face 8, = 0, we have found examples of theories that live there,
butnonethatappeartobe uniquely determined by low-order transport
coefficients (aside from at the intersection with a; = +1). A family of
examples is given by w(k) = 4(1 +i)B, (i —1+V1+ik2-iV1+ kl) for
—1/(4\/5) < B4 < 0.Itwouldbeinteresting to seeif there are other geo-
metrically privileged points corresponding to theories of special
significance.

Our results use analyticity in two senses. First, the role of equa-
tion (2) is simply to exclude singularities from the analytic domain
of momentum space Green’s functions, which follow directly from
the axioms of quantum field theory, as discussed in ref. 7. Second,
we required w(k) be analytic at k=0, see equation (1): that is, the
classical hydrodynamic expansion. However, more is known about
the analytic structure of w(k) from first principles: for instance, it
cannot contain poles’. Thus, finding away to incorporate properties
ofthe ‘global’ analytic structure of w(k)—rather than just analyticity at
k=0-mayresultinamore constrained region of transport coefficient
space. For instance, arecent conjecture for the analytic structure of
chaotic large N thermal two-point functions® may have bearing on
the analytic structure of w(k). Analogously, it is a conjecture in the
S-matrix bootstrap programme that the amplitudes are ‘maximally

analytic’ and this conjecture enables stronger constraints; see for
example refs.14,36,37.

This discussion brings us naturally to the problem of including
and understanding stochastic fluctuations in this language. In this case,
itis known that w(k) becomes non-analytic at k = O; see for example
ref.38. These effects arise from nonlinearities treated in perturbation
theory: for example, correcting @ > @ + g 6Wyocnasiic + 0(g)?, where g is
a coupling constant that controls interaction strength. Therefore, as
long as the perturbative treatment holds, such corrections can only
become important when the causality inequality in equation (2) is
saturated, which then imposes that m(6wochasiic) < 0. It would also
be interesting to investigate stochastic effects at the level of the
Schwinger-Keldysh effective action for hydrodynamics®*, In this
context, it seems natural to attempt to lift the techniques presented
here to the coefficients that appear in this effective action, instead.

Finally, the methods adopted in our paper can be also used to
chart causal convex geometries for other mode types such as Gold-
stone modes, fast-decaying excitations—such as transient quasinormal
modes of holographicblack holes—and quasiparticles.
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Methods
The moment problem
Diffusion cross-section derivation. A general diffusive mode can be
written as the Taylor series in equation (3). Inserting equation (3) into
equation (2) with k = re? and taking the r > 0 limit at 8 = 0, it immedi-
ately follows’
B <0. (24)

If ,=0,then 8, < 0also,and sooninthis fashion.

To obtain additional bounds on transport, we may multiply equa-
tion (2) by any non-negative periodic function of 6, 5(6) and integrate
aroundacircle of radiusr<R,

21 < _
| pouorozo. o= BmAImeD s
0
or, more conveniently for x = cos 6,
1 [} 1
/ pOu)dx > 0, p(x) =1- P71y, (1-x2) 2 Th(x),  (26)
-1 n=1

where T,(x) are Chebyshev polynomials of the first kind. Givensome p(x),
theleft-hand side of equation (26) evaluates to asum of transport coef-
ficients, revealing a bound. Assembling all such bounds, one can then
carve out regions of excluded parameter space by consideringall r<R.

Ananalogous constructioninthe context of scattering amplitudes
isdiscussed inref.17 utilizing the theory of moments, an efficient route
togenerate optimal bounds, whichwe adopt here. Because 1i(x) = u( - x),
we restrict our attention to even functions of x. Then, the condition in
equation (26) becomes a condition on the matrices of moments of the
measure u(x)dx. In particular, at a given N, we construct the following
Hankel matrices of the moments of this measure'*:

1
.. N-¢ 1
(Hﬁ/),j = Qiyjpes LJ=0,..., lTJ a, = 5/ xXpodx,  (27)
1

in which i and; are the indices of the Hankel matrix and ¢ is a label of
suchamatrix, and thenequation (26) is the condition that the following
matrices are positive semidefinite:

HY>0, HY>0, HY —Hy >0, H,  —H >0. (28)
The moments a, are related to §,, (equation (26)) through
Gy = 1 2‘(2"“)“2": 2n 1B, (29)
" 2n+1 “\n-j ¥
Poip LIS X l)f‘f’<2n>(j )a (30)
M= o T oo - . —j+q>
" n(l - 4n2) S 2 )\q) " J+a

and thus, given N, the conditions of positive semidefinite Hankel matri-
ces translate into bounds on a subset of transport coefficients. Here
we consider the constraints arising from the N=2 and N=3 moment
problems and thus construct the projections of the hydrohedroninto
parameter space spanned by the transport coefficients {Rf,, R*B,, R° B¢}
described earlier.

N=2case.Inthis case, werequire positive semidefiniteness of the fol-
lowing matrices forallr<R:

|
HY =
: l_Erﬁ E_Erﬁ LY

3 8F2 5T gr2T3ptr a1
_(l_m o_yp_ (2,0
Hy=(3-5mB:). HY—Hy=(2+35).

These conditions, together with the inequality in equation (24), lead
to theinequalities in equations (4) and (5).

Itis straightforward to demonstrate that the non-excluded region
defined by inequalitiesin equations (4) and (5) is not closed. For exam-
ple, at 8,=0wehave that 8, < 0,and thus aportion of the 8, = 0 bound-
ary indicated in Fig. 1d is excluded. It can be established that the
quadratic portion of thisboundary as well as theline 8, = - 5— arealso
excluded. At these loci in the (RB,, R*B,)-plane, considering the con-
straintinequation (2) atr = Runiquely fixes all higher-order transport
coefficients. This leads to dispersion relations that feature poles and
hence violate the causality condition in equation (2) (see ref. 7), thus
showingthatloci where thefirstinequality inequation (5) is saturated
do not belong to the hydrohedron. An example of such dispersion
relationat 8, =-64/15mis

2 ~4
1—2(1—2a~12k +k ) o2
1-k

€ [1/3,1] parameterizing the curve

'_1) arctanh k +

with k = Rk, = Riv and a; = ———ﬂz

inthe projection plane. Further details may be foundin ‘Further details
on the hydrohedronboundary.

N=3case. HY > 0and H, — H3 > Ogive no new constraints beyond those
inequation (5), whereas HY — H} > 0and H. > Orespectively, forallr <R,
give the additional bounds in equation (6).

We note that when R3S, saturates any of the inequalities in equation
(6), both R*B,and all the higher-order transport coefficients are fixed in
terms of RB, and R*B,. The resulting dispersion relations are excluded
due to the presence of poles (‘Further details on the hydrohedron
boundary’). As aconsequence, theloci where equation (6) is saturated
donotbelongto the hydrohedron.

Sound cross-section derivation. The dispersion relation of a sound
mode has the Taylor series representationin equation (10). Thebound
on the speed of sound in equation (11) is obtained by considering the
fundamental inequality in equation (2) at 8 =1/2 in the r > 0 limit’. As
happenedinthe diffusion case, to find the remaining ones, the optimal
way to proceed is translating the causality condition in equation (2)
into a moment problem. This time, however, the relevant moment
problem is a trigonometric one formulated on the circle 8 € [0, 2m).
We work with the following unit-normalized density

|Smk| — Smw(k)

O)= ———7—— , (33)
g AR iy
and consider the moments
2n
Yy = f eM0u(O)d, n=0,+1,42, .., 34)
0
which satisfy y_, = yi, and read
LT 1 m
Yo=1 Vo= lzfzna2n+1, Yon = G- Zfz"_lﬁzm n>0.
(35)
Our focus will be on the following Toeplitz matrices:
(TWy =V 4j=0.1...N (36)

Thereasonis that {y,,} _oisasequence of moments if and only if Ty is
positive semidefinite, T > O (ref. 19). We now discuss the conse-
quences of this theorem for the transport coefficientsinthe N=1, 2, 3
cases.

N=1case.The Toeplitz matrix is given by
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.M

(37

This matrix is positive semidefinite provided that det 7; > 0. This condi-
tion results in the two-sided bound |;| < %, which is less sharp than
equation (11) and therefore superseded by it.

N=2case. The Toeplitz matrix is given by

LT 1
1 lzal 3" Zr[iz
LT LT
T, = -z 1 iz7m (38)
1 m . TC
—5 — Zrﬁz —lzal 1

Together with equation (4), the requirement that T, > O gives rise to
the two-sided inequality in equation (12).

Inthe case where R, saturates the lower bound in equation (12),
all the higher-order transport coefficients are also fixed uniquely in
terms of ;. The associated dispersion relation features poles and is
therefore excluded. This shows that the curve RS, = —;—f‘ + Eaf, log <1
does not belong to the hydrohedron. We refer the reader to ‘Further
details onthe hydrohedron boundary’ for additional details.

N =3 case. The positive semidefiniteness of T; leads to the two-sided
boundin equation (13).

Ashappenedinthe N =2 case, thelociwhere any side of the bound
inequation (13) is saturated are outside the hydrohedron. The reason
is as before: at these boundaries, R*a; and all the higher-order trans-
port coefficients are fixed uniquely in terms of «; and Rf3,, leading toa
dispersion relation that features poles and is thus in conflict with the
causality condition in equation (2).

Further details on the hydrohedron boundary
Diffusion. Here we explain why the boundaries of the diffusion
cross-section of the hydrohedron determined by the moment prob-
lem are open. These boundaries have a different status than the ones
associated to the condition R, < 0; in principle, this second kind of
boundary can contain dispersion relations that uphold equation (2)
and thus belong to the hydrohedron. The analysis that follows relies
essentially on standard results in the moment problem literature'".
We start by defining the moment cone S,,,; as the set of all trun-
cated moment sequences of length m + 1of allRadonmeasuresin [0, 1]
(thelatter set being denoted as M, ([0, 1])): that is,

1
Sme1 =15 =(ap.ay, ..., aAp) : G =/ xJdux),j=0,...,m, p € M,([0,1])},

0
(39)

and point out thatevery non-trivialmoment sequence s € S,,,; canbe
represented by ameasure of the form

p

H=mb,, p<m+l,
=

(40)

with pairwise distinct roots x; € [0, 1], weights m; > O for all j, and 6, a
Dirac measure at the point x;. A central quantity in our analysis is the
index of this representing measure, ind(u), defined as

ind(u) = ie(xj), where €0)=€¢1)=1
j=1 (41)
and

ex)=2 for xe(0,1),

with ind(s) denoting the minimal index of all representing measures
of's.

Thecrucial resultis Theorem10.7 inref.19 (Theorem3.5inref.18).
Among others, inthis theorem the following statements are shown to
beequivalent:

1) sedSun
(2) ind(s)<sm
(3) Therepresenting measure is unique

From this result, it follows that the moment sequences lying at the
boundary of the moment cone are of the form

p
ap = ij =1, (42)

J=1 J=1

From the expression above, the inversion formula in equation (30)
entails that

00 = ~ 2| 14 (k= L) arctanh k- 3
w(k) = -1+ 7 arctanh k= m; > -

= (l + 122) — 4x;k

2 (1-25+F) “

These dispersion relations are associated to the boundaries of the
moment cones and uniquely determined by the relevant set of weights
m;and roots x;. They feature poles at locations fixed by x;; hence, as
showninref.7,they donotrespect the causality conditioninequation
(2) everywhere in the complex k-plane and thus do not belong to the
hydrohedron. This shows the main result of this subsection: that the
boundaries of the diffusion cross-section of hydrohedron determined
by the moment problem are open. We reiterate that this analysis does
notapply to the other boundaries, prescribed by the RS, < 0 condition.
With the main result established, we now specialize the general
discussion above to the casesm=1, 2, 3 for the interested reader.

m =1 case. We have that ind(s) =1, and hence there is a single root
x; € {0, 1} and weight m, =1. The case x; = O leads to RS, = % and is

unphysical. We are left with the case where x, =1, resultingin amoment
sequence oftheforma,,, = 1. Uponusing equation (30), one finds that
thisboundary point saturates all the lower bounds on c,, put forward
inref. 7, when specialized to a purely diffusive mode.

m=2case. The new cases have ind(s) = 2 and correspond to

(i) p=1,m;=1andx;=x e (0,1) but otherwise free and
(i) p=2,,=0,x,=1,my=1-aand m,=awithae(0,1).

Incase (i), the moment sequence takes the form a,., = x". With the help
of equation (29), one can easily show that this form implies that R°,
saturates the upper bound in the first inequality of equation (5), with
x aparameter labelling points on this boundary.

In case (ii), the moment sequence takes the forma, =1, a,., = a.
It can be readily checked that the relations above imply that
RB, = — % suchthatthelower boundin thefirstinequality of equa-
tion (5) is saturated, with a labelling points on this boundary. The
choice of weights and roots for case (ii) gives back the dispersion
relationin equation (32) in ‘Diffusion cross-section derivation’ upon
usage of equation (43).

We conclude by pointing out that there is a fundamental differ-
ence between the dispersion relations associated to cases (i) and (ii).
Although both feature poles and hence violate in equation (2) some-
whereinthe complex k-plane, the region where equation (2) is violated
includes part of the unit disk for the former but not for the latter. Note
that this also means the transport coefficients from (i) do not form
part of the closure of the hydrohedron, whilst transport coefficients
from (ii) do.
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m=3case. The new cases have ind(s) = 3. They are

(iii) p=2,x,=0,x,=x€(0,1),m;=1-a, m,=awitha e (0,1) and
(iv) p=2,x,=x€(0,1),x,=1, my=a,my=1-awitha (0, 1).

For case (iii), the moment sequence is given by a, =1, a,,., = ax”". This
relation, together with equation (29), implies that RS, saturates the
upper boundgiveninequation (6). For case (iv), @, = ax" + (1 - a), from
whichit follows that R’B, saturates the lower bound given in equation
(6). The dispersion relations associated with cases (iii) and (iv) can be
readily found using equation (43). Both feature poles and are therefore
discarded, implying that the boundaries of the hydrohedron set by
equation (6) are open.

Sound. As discussed in ‘Sound cross-section derivation’, the relevant
moment problem for the sound geometry is a trigonometric one. In
this case, the mathematical results necessary for our analysis can be
found in Chapter 11 of ref. 19.

For the truncated trigonometric moment problem, the moment
cone 8,,,;is defined as the set of allmoment sequences of length n +1
associated to all Radon measures on the unit circle T (the latter set
being denoted as M, (T)),

Sms1 = {s =Wo:V1s-s¥n) 1 Yy = /TZ‘fdu(Z), ue M+(T)}. (44)
Asequencesbelongingtothe boundary of 8,,,; hasaunique represent-
ing measure supported on at most m points. From this result, it follows
thatif s € 08,,,,, then

p
Vn = Z mje_mgj’
=1

0; € [0,2m) (45)

and p < m. We now explore the consequences of this assertion for the
cases m=2,3. We do not consider the m =1 case because it is beyond
the stiff fluid facets we discuss in ‘The stiff fluid facets’”.

m=2case. The moment sequence is of the form y,, = % (e7in0 4 g=in(m=0)),
Thisexpressionimplies that RS, saturates the lower boundinequation
(12). Uponusing equations (35) and (1), this moment sequence results
inthe dispersionrelation

. 4
@) =2 ((IE — Ky arctanh (&) + %)
" 1-2cos2Ok +k
2 (46)
ka+k&)

1-2cos2O)K +k'

4sin(0)
B

with sin(8) = —Eal. This dispersion relation does not belong to the
hydrohedron:it features poles, and moreover it does not belongto its
closure, because it also violates equation (2) in the vicinity of k=
inside the unit disk.

m=3case.Therepresenting measure has three support points. There
aretwo candidate moment sequences such thaty,,,, is purely imaginary
and y,, purely real, y$? = a (e + -0 4 (1 - 2a)e* = . For ), R2ay
saturates the lower bound in equation (13); for {7, it saturates the
upperbound on the same equation. The dispersion relations associated
with y$Y and {7 are, respectively,

Pk = - el ((IZ —& Y arctanh &

La- &y - 2(cos(20) 4acos (6) W +k ))
A+ )1 =2cosQOK +£) “7)
asin(@)1 + I3 )
2 A
1-2cos20)k +k

:_tkl 2a_T§[E
1+k

BOR) = _2 ((/2 — & Yarctanh

La- &y - 2(cos(29) 4acos (e) W + K ))
A+ )1 =2c0sOK + &) “8)
asin(@)(1 + I3 )
1-2 cos(29)l§2 &

-k _§[§
i

As mentioned earlier, both feature poles and are in conflict with the
causality condition (2).

The stiff fluid facets
Giventhe sound mode dispersionrelationinequation (10) with luminal
sound speed a, = 11, the causality condition in equation (2) uniquely
fixesthe dispersion relation to be w(k) = +k. To prove this, first note that
—Smw(k) = |rsinf| —

|Sm k| Y G sin((2n + 1)6)
n=0

(49)
— Y, Banr®" cos (2n6).
n=1

By equation (2), this must be non-negativeforall0 <r<Rand0<0<2m
(for r= R, the Taylor series representation is invalid). Taking «; =1and
restrictingto 8 € [0, ] gives acancellation between the first two terms
inthis rexpansion:

D W sin (20 + 1)6) — 3 B,r*" cos (2n6).
n=1 n=1
(50)

|ISmk| — Smw(k) = —

Thus theleading termin this expansionis now at order r*. Let us proceed
by induction. Take all coefficients up to order r"* to be zero, with the
exception of a;, and note that m > 2. If mis even, then the next termin
the expansion gives the constraint (in the limitr - 0)

—Bm/2 cos(mb) > 0, vO € [0, m) (51)

and hence,,, = 0.Ifinstead mis odd, then the next termin the expan-
sion gives the constraint (in the limit r > 0)

—®(m-1)/2 SiN(mB) > 0, V6 € [0, m| (52)

and thus, similarly, a,_,,, = 0. Hence all coefficients zero up to order
r"timplies the coefficients at order r" are zero. Finally, we note that the
base case m =2is covered by the above analysis, 5, = 0, which completes
the prooffor a; =1. The proof for a;, = -1 proceeds analogously. We note
the observation thata; = 1= f8,=0wasalso giveninref. 28.
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